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IntroductionIntroduction

Radial fluid velocity, Radial fluid velocity, uu
Sound speed, Sound speed, aas s 

Mach numberMach number

Accretion flowAccretion flow
Subsonic: M < 1Subsonic: M < 1
Supersonic: M > 1Supersonic: M > 1
Transonic: crosses M = 1

TransitionTransition
Smooth Smooth ---- Sonic pointSonic point
Discontinuous Discontinuous –– ShockShock

MultiMulti--transonic flow transonic flow ≡≡ 3 3 
sonic points
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MotivationMotivation

Black Hole (BH) inner boundary condition : Black Hole (BH) inner boundary condition : 
Supersonic flow at Event Horizon (EH)Supersonic flow at Event Horizon (EH)
Far away from EH Far away from EH –– subsonicsubsonic
Hence BH accretion is essentially transonicHence BH accretion is essentially transonic

Except cases where already supersonic initiallyExcept cases where already supersonic initially

Shock Formation Shock Formation MultiMulti--transonic flowtransonic flow

Accretion in Kerr (rotating) Black Holes:
• Transonic
• Consider General-Relativistic effects
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NotationsNotations
Gravitational RadiusGravitational Radius

Black Hole Spin, Kerr Black Hole Spin, Kerr 
Parameter = Parameter = aa
⏐⏐aa⏐⏐ ∈∈ (0, 0.9982)(0, 0.9982)
λλ = Specific angular = Specific angular 
momentum of flow, is momentum of flow, is 
aligned with aligned with aa
BHBH

CoCo--rotating : (+rotating : (+veve) ) aa
CounterCounter--rotating : (rotating : (--veve) ) aa

GoalGoal
Study behavior of dynamic and Study behavior of dynamic and 
thermodynamic properties of thermodynamic properties of 
accretion flow very close         accretion flow very close         
((≈≈ 0.01 0.01 rrgg) to EH & their ) to EH & their 
dependence on spin of BHdependence on spin of BH

What do we do?What do we do?
Formulate & solve conservation Formulate & solve conservation 
equations governing general equations governing general 
relativistic, multirelativistic, multi--transonic, transonic, 
advective accretion flow in Kerr advective accretion flow in Kerr 
metricmetric

2c
GMr BH

g =



5

MetricMetric
Kerr metric in equatorial plane of BH Kerr metric in equatorial plane of BH 
((NovikovNovikov, I.D. & Thorne, K.S. 1973, in Black Holes, 343, I.D. & Thorne, K.S. 1973, in Black Holes, 343))
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Accretion DiskAccretion Disk
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Vertically integrated Vertically integrated model model ((Matsumoto, R. et al. 1984, PASJ, 36, 71)Matsumoto, R. et al. 1984, PASJ, 36, 71)
Flow in hydrostatic equilibrium in transverse directionFlow in hydrostatic equilibrium in transverse direction
Thermodynamic quantities vertically averaged over disk heightThermodynamic quantities vertically averaged over disk height
Calculate quantities on equatorial plane of BHCalculate quantities on equatorial plane of BH

Disk height Disk height ((AbramowiczAbramowicz, M.A. et al. 1997, , M.A. et al. 1997, ApJApJ, 479, 179), 479, 179)
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Conserved QuantitiesConserved Quantities

Specific energy (including rest mass)Specific energy (including rest mass)

Mass accretion rateMass accretion rate

Entropy accretion rateEntropy accretion rate
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MethodologyMethodology

Solve conservation Solve conservation eqnseqns. to get . to get du/drdu/dr

Start from sonic point and integrate to get flow Start from sonic point and integrate to get flow 
properties at any properties at any rr
For a range of [For a range of [εε--λλ--γγ--aa] ] get 3 sonic points on get 3 sonic points on 
solving solving eqnseqns..

rroutout > > rrmidmid > > rrinin

),,,,,,( aaurfn
D
N

dr
du

s γλε==.0 ,0 =
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=
dr
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dr
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Result plots for black Result plots for black 
hole of mass,  hole of mass,  
MMBHBH=10=10MMsunsun



Solution topology for multi-transonic accretion 
in Kerr geometry



[ε-λ] parameter space (γ=4/3, a=0.3) for mono-
and multi-transonic accretion & wind



εε--λλ multimulti--transonic space for different transonic space for different γγ



Differentiating Differentiating 
Accretion Properties of Accretion Properties of 

CoCo-- & Counter& Counter--
Rotation of Central Rotation of Central 

Black HoleBlack Hole



14-Oct-07 14P. Barai, U. Laval



14-Oct-07 15P. Barai, U. Laval



14-Oct-07 16P. Barai, U. Laval

ProPro-- vs. Retrovs. Retro--Grade FlowsGrade Flows

RetrogradeRetrograde Accretion Flow Accretion Flow 
(counter(counter--rotating)rotating)

MultiMulti--transonicitytransonicity much much 
more commonmore common

Covers higher value of Covers higher value of 
angular momentum (angular momentum (λλ)

ProgradePrograde Accretion Flow Accretion Flow 
(co(co--rotating)rotating)

MultiMulti--transonic regions transonic regions 
at lower value of at lower value of λλ

)
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Terminal Behavior of Accretion Terminal Behavior of Accretion 
VariablesVariables

Terminal value of accretion variable Terminal value of accretion variable AA ::
AAδδ = = AA (at (at rrδδ = = rree + + δδ))

Integrate flow from Integrate flow from rrcc down to down to rrδδ get get AAδδ

Studied variation of Studied variation of AAδδ with with aa BH spin BH spin 
dependence of accretion variables very close to dependence of accretion variables very close to 
event horizonevent horizon
For For MMBHBH=10=10MMsunsun, and , and δδ=0.01 =0.01 plots next plots next ……
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Astrophysical ImplicationsAstrophysical Implications
Preliminary step towards understanding how BH spin Preliminary step towards understanding how BH spin 
affects astrophysical accretionaffects astrophysical accretion

Shock waves in BH accretion disks must form through Shock waves in BH accretion disks must form through 
multimulti--transonic flowstransonic flows

Study of the post shock flow helpful in explaining:Study of the post shock flow helpful in explaining:
Spectral properties of BH candidatesSpectral properties of BH candidates
Cosmic (galactic & extragalactic) jets powered by accretion Cosmic (galactic & extragalactic) jets powered by accretion 
(formation & dynamics)(formation & dynamics)
Origin of Quasi Periodic Oscillations in galactic sourcesOrigin of Quasi Periodic Oscillations in galactic sources
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SummarySummary

1.1. Study dependence of multiStudy dependence of multi--transonic accretion properties on transonic accretion properties on 
BH spin at any radial distanceBH spin at any radial distance

Very close to event horizonVery close to event horizon
2.2. Found nonFound non--trivial difference in,trivial difference in,

Prograde flow (coPrograde flow (co--rotating BH) : lowrotating BH) : low--λλ
Retrograde flow (counterRetrograde flow (counter--rotating BH) : rotating BH) : multimulti--transonicitytransonicity at at highhigh--
λλ & greater possibility of shock formation& greater possibility of shock formation

3.3. Future work:Future work:
Shock locationShock location
Analog gravityAnalog gravity
Analog Hawking radiationAnalog Hawking radiation
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ContentsContents

Introduction & MotivationIntroduction & Motivation
What are we doing?What are we doing?

Our system formulationsOur system formulations
ResultsResults
ConclusionsConclusions
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MotivationMotivation
BH inner boundary BH inner boundary 
condition : Supersonic flow condition : Supersonic flow 
at Event Horizon (EH)at Event Horizon (EH)
Far away from EH Far away from EH ––
subsonicsubsonic
Hence BH accretion is Hence BH accretion is 
essentially transonicessentially transonic

Except cases where already Except cases where already 
supersonic initiallysupersonic initially

MultiMulti--transonic flow transonic flow 
Shock FormationShock Formation

Transonic Flow is relevant Transonic Flow is relevant 
in various astrophysical in various astrophysical 
situations:situations:

Black Hole (BH) or Neutron Black Hole (BH) or Neutron 
Star accretionStar accretion
Collapse / Explosion of starsCollapse / Explosion of stars
Solar / Stellar windsSolar / Stellar winds
Formation of Formation of protostarsprotostars & & 
galaxiesgalaxies
Interaction of supersonic Interaction of supersonic 
galactic (or extragalactic) jets galactic (or extragalactic) jets 
with ambient mediumwith ambient medium
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Describing Our SystemDescribing Our System
No selfNo self--gravity, no magnetic fieldgravity, no magnetic field
Units: Units: GG = = cc = = MMBHBH = 1= 1
BoyerBoyer--Lindquist coordinates (Lindquist coordinates (–– + + +)+ + +)
Observer frame Observer frame corotatingcorotating with accreting fluidwith accreting fluid
λλ = Specific angular momentum of flow = Specific angular momentum of flow ---- aligned with aligned with aa
Stationary & axisymmetric flowStationary & axisymmetric flow
Euler & Continuity Euler & Continuity eqnseqns ::

Polytropic equation of statePolytropic equation of state
KK ~ specific entropy density~ specific entropy density
γγ = adiabatic index, = adiabatic index, nn = = polytropicpolytropic index

( ) 0    ,    0 ; ==ℑ∇ µ
µµνµ ρv

γρKp =

1
1
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=
γ

nindex
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Our System …Our System …
Specific proper flow enthalpy, Specific proper flow enthalpy, hh
Polytropic sound speed, Polytropic sound speed, aass

Frame dragging neglectedFrame dragging neglected
Weak viscosity limitWeak viscosity limit

Very large radial velocity close to BH Very large radial velocity close to BH Timescale Timescale 
(viscous >> (viscous >> infallinfall))
Effect of Viscosity Effect of Viscosity λλ ↓↓ Flow behavior as function of Flow behavior as function of 
λλ provides information on viscous transonic flow
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Metric & OthersMetric & Others
Kerr metric in equatorial plane of BH Kerr metric in equatorial plane of BH ((NovikovNovikov & Thorne 1973)& Thorne 1973)

Angular velocity, Angular velocity, ΩΩ

44thth Component of velocity:Component of velocity:
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MethodologyMethodology
Solve conservation Solve conservation eqnseqns. to get . to get du/drdu/dr

Start from sonic point and integrate to get flow properties at aStart from sonic point and integrate to get flow properties at any ny rr
By setting By setting NN=0, =0, DD=0 get sonic point quantities:=0 get sonic point quantities:

uucc, a, as|cs|c

Quadratic Quadratic eqneqn. for . for ((du/dr)du/dr)cc

For some [For some [εε--λλ--γγ--aa] ] get 3 sonic points on solving get 3 sonic points on solving eqnseqns..
rroutout > > rrmidmid > > rrinin
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Observational ConsequencesObservational Consequences
Debate: Determining BH spin from observationsDebate: Determining BH spin from observations

Most popular approach: study of skew shaped Most popular approach: study of skew shaped 
fluorescent iron linesfluorescent iron lines

Our approach presents Our approach presents the potential to deal with this the potential to deal with this 
problemproblem

We predict behavior of flow propertiesWe predict behavior of flow properties
For hot, lowFor hot, low--λλ prograde accretion flow & prograde accretion flow & highhigh--λλ retrograde retrograde 
flowflow
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ResultsResults
For some [For some [εε--λλ--γγ--aa] ] ---- get 3 sonic points on solving get 3 sonic points on solving eqneqn

rroutout > > rrmidmid > > rrinin

rroutout, , rrinin : X: X--type sonic pointstype sonic points
rrmidmid : O: O--type sonic pt (unphysical type sonic pt (unphysical –– no steady transonic no steady transonic solnsoln
passes thru it)passes thru it)
MultitransonicMultitransonic Accretion: Accretion: ΞΞ((rrinin) > ) > ΞΞ(r(routout))
MultitransonicMultitransonic Wind       : Wind       : ΞΞ((rrinin) < ) < ΞΞ(r(routout))
General astrophysical accretion General astrophysical accretion Flow thru Flow thru rroutout

Flow thru Flow thru rrinin possible only in case of a shockpossible only in case of a shock
If supersonic flow thru rIf supersonic flow thru rout out is perturbed to produce entropy = [is perturbed to produce entropy = [ΞΞ((rrinin) ) 
–– ΞΞ(r(routout)], it joins subsonic flow thru )], it joins subsonic flow thru rrinin forming a standing shockforming a standing shock
Shock details from GR Shock details from GR RankineRankine--HugoniotHugoniot conditions conditions 
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EE--λλ MultiMulti--Transonic Space for different Transonic Space for different aa
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Angular Momentum Angular Momentum 

Weakly rotating flows, found in Weakly rotating flows, found in 
several physical situations:several physical situations:

Detached binary systems fed by Detached binary systems fed by 
accretion from OB stellar windsaccretion from OB stellar winds
Semidetached lowSemidetached low--mass nonmass non--
magnetic binariesmagnetic binaries
SupermassiveSupermassive BHs fed by BHs fed by 
accretion from slowly rotating accretion from slowly rotating 
central stellar clusterscentral stellar clusters
Turbulence in standard Turbulence in standard 
KeplerianKeplerian accretion diskaccretion disk

We found:We found:
At higher values of At higher values of 
angular momentum angular momentum 
multimulti--transonicitytransonicity is is 
more common for more common for 
retrograde flowretrograde flow
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Analog Hawking Radiation

((DasDas, , BilicBilic & & DasguptaDasgupta, 2006), 2006)

Hawking TemperatureHawking Temperature

Analog Hawking TemperatureAnalog Hawking Temperature
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Variation of the ratio of analog to actual 
Hawking temperature with black hole spin


