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Geometry of Gravitational Lenses
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Einstein Ring

• Exact alignment of the source, lens and observer
– Symmetrical ring-like structure

• Einstein Radius (radians)
– M = Mass of the lens

– D = Angular diameter distances

• Massive clusters at 0.15 < z < 0.8

– 10 < 
E 

< 20 arcsec

• A1689 : E ~ 50 arcsec

E =
4GM

c 2
DLS

DLDS
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• CDM

• Constrained free parameters

• Empirical evidence
– CMBR (WMAP), SN data, clustering of galaxies (large

surveys: SDSS), gravitational lensing, galaxy cluster
abundances

• Dark matter
– Gravity-only, initially sub-relativistic, initial density

perturbations are Gaussian in amplitude

• Non-linear structure growth, affected by gas physics

• Galaxy clusters are excellent probes:
– Large, massive, gravity-dominated, high-temperature of

ICM, no cooling

Standard Cosmology
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Overview
• Gravitational lensing observations  mass profile of

galaxy clusters

• Einstein radius  model independent determination
of central mass density

• Authors compare cluster observations with
predictions of CDM cosmological simulations

• Compare projected 2D mass/density distributions
using
– Virial mass (M)

– Einstein radius (
E
)

M < E( ) = E
2 c

2

4G

DLDS

DLS
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Theory

• NFW density profile

– Navarro, Frenk & White 1997, ApJ, 490, 493

• r
s
 = NFW scale radius = rvir/cvir

• cvir = Concentration parameter

• c = Overdensity (= 200)

• Parameters: M (halo mass), z (redshift), c, cvir

r( ) = c
z c
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Simulated Cluster Samples

Neto et al. 2007

(MNRAS, 381, 1450)

• Millennium simulation

• > 2000 haloes

– M200 > 1014 M

– z = 0

• Each halo resolved with

>80,000 particles

• 3-D density structure

using NFW profile fitting

Hennawi et al. 2007
(ApJ, 654, 714)

• 900 simulated cluster
haloes at z = 0.41

• Each resolved with
>30,000 particles

• 3-D and projected 2-D
NFW profiles
– Projections thru avg. 15

random directions

• Lensing population
– Haloes weighted by strong

lensing cross-section

 2 studies of halo structure in cosmological numerical simulations

 Statistical analysis of cluster halo population
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Results of Analyses of Numerical Samples

• Halo structure expressed in terms of NFW
concentration parameter (c)

Fig. 1 

1) Distribution of 3-D concentrations of lens population
is the same as the general halo population, except
for a up-shift by a factor 1.17

2) 2-D projected c’s correlate with 3-D c
• Ratio c2D/ c3D is lognormal

• log10(c2D/ c3D) is well-fitted by Gaussian with mean = 0.057
and std-dev = 0.124
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Numerical Results

Fig. 2 

• c is higher for relaxed haloes than for

unrelaxed (dynamically disturbed ones)

• c  slowly with halo mass

– Predicted E  M200 (relaxed)

– Predicted E  (M200)
1.6

 (unrelaxed)
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Observational Data
• 4 well-studied clusters

– Strong-lensing: Multiply imaged arcs

– Weak-lensing: Distorted arcs, magnification

• HST/ACS imaging of lensing clusters by ACS/GTO
team (Ford et al. 1998, Proc. SPIE. 3356, 234)

– Other lensing studies --- CFHT, Subaru

• Many sets of multiple images

 Fit 2-D projected mass distribution

 Determine effective Einstein radius

• 3 clusters : Virial mass from NFW fits to lensing
observations

• A1689 : Model-independent mass from lensing data
(only assuming spherical symmetry)
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Data Set of 4 Lensing Clusters



Confronting CDM with Observations

• For each cluster find CDM predicted 
E

using z
L
, z

S
 and M

200

• Fig. 3 - compares median expected value
with observed value

13

7.9

3.9

8.5

Agreement

Probability

2335RXJ1347

1632A1703

1531Cl0024-17

2452A1689
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E ( )
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E ( )
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Statistical Comparison

• Fig. 4  full predicted probability distribution of E

for each cluster

• Main predictions give probabilities of 1.5, 0.56, 5.0
and 3.7 % for finding a cluster with a large E as
observed

• If just 1 cluster  2  discrepancy

• But have 4 independent objects
– All discrepant in the same direction

• Total probability = 3  10–5, that theory  would
predict such large E for 4 clusters

 4  discrepancy
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Possible Reasons for Discrepancy

• Lensing observations of larger cluster samples

• Theoretically predicted triaxiality of CDM halos  a

scatter in projected c and E

– Must determine the scatter observationally

• Observed cluster halos are more centrally
concentrated than CDM prediction

 additional (unknown?) mechanism that causes cluster to

collapse/form earlier

– Adiabatic compression needs a baryon fraction 2 times the
cosmic value,  unlikely

• Non-Gaussianity of primordial density fluctuations
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Clusters observed

with masses ~1015 M
are consistent with 

CDM model
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Summary
• Compared theoretical predictions vs. observations of

E for 4 clusters

• Observed E is large  by factor of ~2 w.r.t. CDM
model

“ … perhaps the clearest, most robust current conflict
between observations and the standard CDM
model … ”

“ … highly significant discrepancy we have identified
already represents a substantial challenge for CDM
… ”

• Lensing properties of larger cluster halo samples
must be studied
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