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Why	do	we	study	primordial	NG?	

Tes$ng	Early	Universe	Physics	with	non-Gaussianity	of	the	CMB	

•  One	of	the	most	accurately	tested	predic$ons	of	Infla$on	is	
that	primordial	perturba$ons	are	nearly	Gaussian	

	

•  Most	infla$onary	models	predict	small	but	model	dependent	
devia$ons	from	Gaussianity	

	

•  Also	alterna$ve	Early	Universe	scenarios	predict	specific	NG	
signatures	

	

Primordial	non-Gaussianity	provides	a	powerful	way	to	
constrain	different	Early	Universe	scenarios,	and	
discriminate	between	them	



CMB	reduced	bispectrum	

l3 

l2 

l1 

lmax 

lmax 

B123 =
1 2 3
m1 m2 m3

!

"

#
#

$

%

&
&∑ a1

m1a2
m2a3

m3 ; B123 = h123b123

Tes$ng	Early	Universe	Physics	with	non-Gaussianity	of	the	CMB	

Non-Gaussianity:	
	

Informa$on	beyond		
Power	spectrum.	
	

Most	important	for		
Infla$on:	3-point	
func$on	(bispectrum)		
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Main	primordial	shapes	
Local Equilateral Orthog. 

•  Local	shape:	peaked	on	squeezed	triangles.	Mul$field	Infla$on	and	Ekpyro$c		
																													models.	
	
•  Equilateral	shape:	single-field	models	with	non-standard	kine$c/higher-deriva$ve	
																																							terms,	effec$ve	field	theory		

•  Flat	shape:	linear	combina$on	of	equilateral.	and	orthogonal.	Non	bunch	Davies	
																										vacuum	

•  Standard	single	field	slow-roll:	negligible	NG		

Tes$ng	Early	Universe	Physics	with	non-Gaussianity	of	the	CMB	



The	2015		Planck	full	bispectrum	
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Planck Collaboration: Planck 2013 Results. XXIV. Constraints on primordial NG

Fig. 3. CMB temperature and polarisation bispectrum reconstructions for Planck SMICA maps using the full set of polynomial modes with
nmax = 2001 and with signal-to-noise weighting. The top bispectra are the symmetric pure temperature TTT (left) plotted with `  1500 and
E-mode polarisation EEE (right) shown for 30  `  1100. Below are the mixed temperature/polarisation bispectra with TTE on the left (with E
multipoles in the z-direction) and TEE on the right (with T multipoles in the z-direction). All SN thresholds are the same.

Fig. 4. Comparison of CMB polarzation bispectrum EEE reconstructions for Planck NILC, SEVEM and Commander foreground-separated maps
with signal-to-noise weighting. Note that these results are not as internally consistent between the four methods, also comparing SMICA shown
in figure 3 which is closest to NILC. We will compare the underlying modal coe�cients below to demonstrate these di↵erences quantitatively.
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Planck Collaboration: Planck 2015 Results. Constraints on primordial NG
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Fig. 5. Modal reconstruction for the WMAP-9 bispectrum (left) and the Planck SMICA DR2 T-only bispectrum (right) plotted for
the domain `  450 using identical isosurface levels. Here, we employed the full 2001 eigenmodes for both the Planck analysis at
`max = 2000 and for WMAP-9 analysis at `max = 600, but for comparison purposes we have only used the first 600 eigenmodes
in order to obtain a comparable resolution. The main features in the WMAP-9 bispectrum have counterparts in the Planck version,
revealing an oscillatory pattern in the central region, as well as features on the tetrapyd surface. The WMAP-9 bispectrum has a
much larger noise signal beyond ` = 350 than the more sensitive Planck experiment, leading to residuals in this region.

Table 11. Results for the fNL parameters of the primordial lo-
cal, equilateral, and orthogonal shapes, determined by the KSW
estimator from the SMICA foreground-cleaned map. Both inde-
pendent single-shape results and results with the ISW-lensing
bias subtracted are reported; error bars are 68 % CL. The di↵er-
ence between the last column in this table and the correspond-
ing values in the previous table is that in the second column here
the equilateral and orthogonal shapes have been analysed jointly.
The final reported results of the paper are shown in bold.

fNL(KSW)

Shape and method Independent ISW-lensing subtracted

SMICA (T)
Local . . . . . . . . . 10.2 ± 5.7 2.5 ± 5.7

Equilateral . . . . . . �13 ± 70 �16 ± 70

Orthogonal . . . . . �56 ± 33 �34 ± 33

SMICA (T+E)
Local . . . . . . . . . 6.5 ± 5.0 0.8 ± 5.0

Equilateral . . . . . . 3 ± 43 �4 ± 43

Orthogonal . . . . . �36 ± 21 �26 ± 21

of features evident in the polarization bispectra from the di↵er-
ent foreground-cleaned maps which, although inherently nois-
ier, have qualitative similarities. At a quantitative level, however,
the polarization bispectra modes from di↵erent methods are less
correlated in polarization than in temperature, as we discuss in
Sect. 7.

6.2.2. Binned bispectrum reconstruction

The (reconstructed) binned bispectrum of a given map is a
natural product of the binned bispectrum estimator code, see

Sect. 3.3. To test if any bin has a significant NG signal, we study
the binned bispectrum divided by its expected standard devia-
tion, a quantity for which we will use the symbol Bi1i2i3 . With
the binning used in the estimator, the pixels are dominated by
noise. We thus smooth in three dimensions with a Gaussian ker-
nel of a certain width �bin. To avoid edge e↵ects due to the sharp
boundaries of the domain of definition of the bispectrum, we
renormalize the smoothed bispectrum, so that the pixel values
would be normal-distributed for a Gaussian map.

In Figs. 8 and 9, we show slices of this smoothed binned
signal-to-noise bispectrum Bi1i2i3 with a Gaussian smoothing of
�bin = 2, as a function of `1 and `2. Very red or very blue regions
correspond to a significant NG of any type. The two figures only
di↵er in the value chosen for the `3-bin, which is [518, 548] for
the first figure, and [1291, 1345] for the second. We have de-
fined two cross-bispectra here: BT2E

i1i2i3 ⌘ BTT E
i1i2i3 + BT ET

i1i2i3 + BETT
i1i2i3 ,

and BT E2
i1i2i3 ⌘ BT EE

i1i2i3 + BET E
i1i2i3 + BEET

i1i2i3 . These two cross-bispectra
are then divided by their respective standard deviations (taking
into account the covariance terms) to produce the correspond-
ing BT2E

i1i2i3 and BT E2
i1i2i3 . Those three di↵erent permutations are not

equal a priori due to the condition i1  i2  i3 that is imple-
mented in the code to reduce computations by a factor of six.
However, part of the smoothing procedure is to add the other
five identical copies, so that in the end the plots are symmetric
under interchange of `1 and `2 (and Bi1i2i3 is symmetric under
interchange of all its indices). The grey areas in the plots are re-
gions where the bispectrum is not defined, either because it is
outside of the triangle inequality, or because of the limitation
`Emax = 2000. Given that in both plots `3 is fixed at less than
2000, BT E2

i1i2i3 is not defined if both `1 and `2 are larger than 2000,
while BEEE

i1i2i3 is undefined if either `1 or `2 (or both) are larger
than 2000.

Results are shown for the four component separation meth-
ods SMICA, SEVEM, NILC, and Commander, and for TTT, T2E,
TE2, and EEE. In addition we show on the second line of each

22

fNL	from	Planck	bispectrum	(KSW)	

•  We fit theoretical templates (“shapes”) to data. The degree of correlation is  
     measured by the dimensionless parameter fNL  

•  Large fNL => detection of NG with a specific shape. It would rule out 
     many inflationary scenarios at once 
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T+E 

fNL,	cleaned	maps	comparison	(modal)	

ISW-lensing 



Some	implica$ons	for	infla$on	

•  No	evidence	for	primordial	NG	of	the	local,	equilateral,	orthogonal	type.	
						consistent	with	the	simplest	scenario:	standard	single-field	slow	roll.	
	

•  Other	possibili$es	are	however	not	ruled	out.	Constraints	on	fNL	are		
						converted	into	constraints	on	relevant	model	parameters,	for	example:	
	

								-	Curvaton	decay	frac$on	rD	>	19%	(from	local	fNL,	T+E)	
	

								-	Speed	of	sound	in	Effec$ve	Field	Theory	cS	>	0.024	(from	equil.	+	ortho.	fNL)	

	
	
	

Planck Collaboration: Planck 2013 Results. XXIV. Constraints on primordial NG

N  90, we find
�  0.7 95% CL , (96)

dramatically restricting the allowed parameter space of this
model.

Power-law k-inflation: These models (Armendariz-Picon et al.
1999; Chen et al. 2007b) predict f equil

NL = �170/(81�), where
ns � 1 = �3�, c2

s ' �/8. Assuming a prior of 0 < � < 2/3,
our constraint f equil

NL = �42 ± 75 at 68% CL (see Table 9)
leads to the limit � � 0.05 at 95% CL. On the other hand,
Planck’s constraint on ns � 1 yields the limit 0.01  � 
0.02 (Planck Collaboration XXII 2013). These conflicting lim-
its severely constrain this class of models.

Flat Models and higher derivative interactions: Flat NG can
characterize inflationary models which arise from independent
interaction terms di↵erent from the (⇡̇)3 and ⇡̇(r⇡)2 discussed
in Sect. 2 (see also Sect. 9.2). An example is given by mod-
els of inflation based on a Galilean symmetry (Creminelli et al.
2011a), where one of the inflaton cubic interaction terms allowed
by the Galilean symmetry, M3[⇡̈(@i@ j⇡)2/a4 � 2H⇡̇⇡̈2 + 3H3⇡̇3],
contributes to the flat bispectrum with an amplitude f flat

NL =

(35/256)(M3H)/(✏M2
Pl) (Creminelli et al. 2011a). Here, ⇡ is the

relevant inflaton scalar degree of freedom, ✏ the usual slow-roll
parameter and a the scale factor and H the Hubble parame-
ter during inflation. Our constraint f flat

NL = 37 ± 77 at 68% CL
(see Table 11) leads to (M3H)/(✏M2

Pl) = 270 ± 563 at 68%
CL. These interaction terms are similar to those arising in gen-
eral inflaton field models that include extrinsic curvature terms,
e.g., parameterized in the E↵ective Field Theory approach as
M2⇡̇(@i j⇡)2/a4 (Bartolo et al. 2010a), which contribute to a flat
bispectrum with an amplitude f flat

NL = (50/108) M2/(c2
s ✏M2

Pl). In
this case, we obtain M2/(c2

s ✏M2
Pl) = 80 ± 166 at 68% CL.

9.2. Implications for Effective Field Theory of Inflation

The e↵ective field theory approach to inflation (Weinberg 2008;
Cheung et al. 2008) provides a general way to scan the NG pa-
rameter space of inflationary perturbations. For example, one
can expand the Lagrangian of the dynamically relevant degrees
of freedom into the dominant operators satisfying some under-
lying symmetries. We will focus on general single-field models
parametrized by the following operators (up to cubic order)
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Z
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where ⇡ is the scalar degree of freedom (⇣ = �H⇡). The mea-
surements on f equil

NL and f ortho
NL can be used to constrain the mag-

nitude of the inflaton interaction terms ⇡̇(@i⇡)2 and (⇡̇)3 which
give respectively f EFT1

NL = �(85/324)(c�2
s � 1) and f EFT2

NL =

�(10/243)(c�2
s � 1)

h

c̃3 + (3/2)c2
s

i

(Senatore et al. 2010, see also
Chen et al. 2007b; Chen 2010b). These two operators give rise
to shapes that peak in the equilateral configuration that are,
nevertheless, slightly di↵erent, so that the total NG signal will
be a linear combination of the two, possibly leading also to
an orthogonal shape. There are two relevant NG parameters,
cs, the sound speed of the the inflaton fluctuations, and M3
which characterizes the amplitude of the other operator ⇡̇3.
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Fig. 22. 68%, 95%, and 99.7% confidence regions in the param-
eter space ( f equil

NL , f ortho
NL ), defined by thresholding �2 as described

in the text.
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Fig. 23. 68%, 95%, and 99.7% confidence regions in the single-
field inflation parameter space (cs, c̃3), obtained from Fig. 22 via
the change of variables in Eq. (98).

Following Senatore et al. (2010) we will focus on the dimension-
less parameter c̃3(c�2

s � 1) = 2M4
3c2

s/(ḢM2
Pl). For example, DBI

inflationary models corresponds to c̃3 = 3(1 � c2
s )/2, while the

non-interacting model (vanishing NG) correspond to cs = 1 and
M3 = 0 (or c̃3(c�2

s � 1) = 0).
The mean values of the estimators for equilateral and orthog-

onal NG amplitudes are given in terms of cs and c̃3 by

f equil
NL =

1 � c2
s

c2
s

(�0.275 + 0.0780A)

f ortho
NL =

1 � c2
s

c2
s

(0.0159 � 0.0167A) (98)
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N  90, we find
�  0.7 95% CL , (96)

dramatically restricting the allowed parameter space of this
model.

Power-law k-inflation: These models (Armendariz-Picon et al.
1999; Chen et al. 2007b) predict f equil

NL = �170/(81�), where
ns � 1 = �3�, c2

s ' �/8. Assuming a prior of 0 < � < 2/3,
our constraint f equil

NL = �42 ± 75 at 68% CL (see Table 9)
leads to the limit � � 0.05 at 95% CL. On the other hand,
Planck’s constraint on ns � 1 yields the limit 0.01  � 
0.02 (Planck Collaboration XXII 2013). These conflicting lim-
its severely constrain this class of models.

Flat Models and higher derivative interactions: Flat NG can
characterize inflationary models which arise from independent
interaction terms di↵erent from the (⇡̇)3 and ⇡̇(r⇡)2 discussed
in Sect. 2 (see also Sect. 9.2). An example is given by mod-
els of inflation based on a Galilean symmetry (Creminelli et al.
2011a), where one of the inflaton cubic interaction terms allowed
by the Galilean symmetry, M3[⇡̈(@i@ j⇡)2/a4 � 2H⇡̇⇡̈2 + 3H3⇡̇3],
contributes to the flat bispectrum with an amplitude f flat

NL =

(35/256)(M3H)/(✏M2
Pl) (Creminelli et al. 2011a). Here, ⇡ is the

relevant inflaton scalar degree of freedom, ✏ the usual slow-roll
parameter and a the scale factor and H the Hubble parame-
ter during inflation. Our constraint f flat

NL = 37 ± 77 at 68% CL
(see Table 11) leads to (M3H)/(✏M2

Pl) = 270 ± 563 at 68%
CL. These interaction terms are similar to those arising in gen-
eral inflaton field models that include extrinsic curvature terms,
e.g., parameterized in the E↵ective Field Theory approach as
M2⇡̇(@i j⇡)2/a4 (Bartolo et al. 2010a), which contribute to a flat
bispectrum with an amplitude f flat

NL = (50/108) M2/(c2
s ✏M2

Pl). In
this case, we obtain M2/(c2

s ✏M2
Pl) = 80 ± 166 at 68% CL.

9.2. Implications for Effective Field Theory of Inflation

The e↵ective field theory approach to inflation (Weinberg 2008;
Cheung et al. 2008) provides a general way to scan the NG pa-
rameter space of inflationary perturbations. For example, one
can expand the Lagrangian of the dynamically relevant degrees
of freedom into the dominant operators satisfying some under-
lying symmetries. We will focus on general single-field models
parametrized by the following operators (up to cubic order)
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where ⇡ is the scalar degree of freedom (⇣ = �H⇡). The mea-
surements on f equil

NL and f ortho
NL can be used to constrain the mag-

nitude of the inflaton interaction terms ⇡̇(@i⇡)2 and (⇡̇)3 which
give respectively f EFT1

NL = �(85/324)(c�2
s � 1) and f EFT2

NL =

�(10/243)(c�2
s � 1)

h

c̃3 + (3/2)c2
s

i

(Senatore et al. 2010, see also
Chen et al. 2007b; Chen 2010b). These two operators give rise
to shapes that peak in the equilateral configuration that are,
nevertheless, slightly di↵erent, so that the total NG signal will
be a linear combination of the two, possibly leading also to
an orthogonal shape. There are two relevant NG parameters,
cs, the sound speed of the the inflaton fluctuations, and M3
which characterizes the amplitude of the other operator ⇡̇3.
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Fig. 22. 68%, 95%, and 99.7% confidence regions in the param-
eter space ( f equil

NL , f ortho
NL ), defined by thresholding �2 as described

in the text.
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Fig. 23. 68%, 95%, and 99.7% confidence regions in the single-
field inflation parameter space (cs, c̃3), obtained from Fig. 22 via
the change of variables in Eq. (98).
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-	DBI	infla$on:	cS	>	0.087	(T+E)	
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Tes$ng	Early	Universe	Physics	with	non-Gaussianity	of	the	CMB	

            LiteCOrE-120       COrE+    Planck 2015   LiteBird        ideal  
 
T local      3.7                     3.4                   5.7                   9.4               2.7 
T equil.      59                      56            70                    92            46 
T ortho.      25                25                    33                    58            20 

           
E local                   4.5               3.9           32                    11           2.4 
E equil.                    46                43          141       76            31 
E ortho.                    21                19            72       42            13 

           
T+E local     2.2               1.9           5.0      5.6           1.4 
T+E equil.      22                20            43       40            15 
T+E ortho.      10               9.1            21       23           6.7 

•  All forecasts for lmax = 3000, fsky = 0.7 except LiteBird (lmax = 1350) and “ideal”  
    (fsky = 1) 
•  Planck 2015 refers to actual error bars (lmax= 2500, fsky= 0.76), Planck local stil  
    suboptimal (lmin-E = 40) 

CMB	bispectrum,	beyond	Planck	
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CMB spectral distortions from acoustic 
wave dissipation probe a large range  
of scales, much smaller than CMB/LSS 
 
Many additional modes!  

•  If µ-anisotropies are measured (no absolute calibration needed): 
 

ü  Tµ correlation: primordial local fNL (Pajer and Zaldarriaga 2013), 
     or other squeezed shapes, and scale dependent NG (Biagetti et al 2013, Emami et al. 2015) 
 

ü  µµ correlation: primordial local trispectrum, τNL 

ü  TTµ bispectrum: primordial local trispectrum, gNL 
     (Bartolo, ML, Shiraishi 2016) 
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Figure 1. Power which disappears from the anisotropies appears in the monopole as spectral distortions. CMB
damped and undamped power spectra were calculated using analytic approximations [33–36]. Scale range
probed by the CMB anisotropy experiments such as COBE-DMR, WMAP, Planck, SPT and ACT is marked
by the shaded region on the left side of the plot. Spectral distortions probe much smaller scales up to the
blackbody photosphere boundary at ` ⇠ 108.

spectrum. The energy stored in the perturbations (or the sound waves in the primordial radiation
pressure dominated plasma) on the dissipating scales, however, does not disappear but goes into the
monopole spectrum creating y, µ and i-type distortions, see Fig. 1. This e↵ect was estimated initially
by Sunyaev and Zeldovich [2] and later by Daly [43] and Hu, Scott and Silk [44]. Recently, the
energy dissipated in Silk damping and going into the spectral distortions was calculated precisely in
[45], correcting previous calculations and also giving a clear physical interpretation of the e↵ect in
terms of mixing of blackbodies [45, 46] 2. The calculations in [45] showed that photon di↵usion just
mixes blackbodies and the resulting distortion is a y-type distortion which can comptonize into i-type
or µ-type distortion, depending on the redshift. We can write down the (fractional) dissipated energy
(Q ⌘ �E/E�) going into the spectral distortions as [45, 46]

dQ
dt
= �2

d
dt

Z
k2dk
2⇡2 P�i (k)

2
6666664
1X

`=0

(2` + 1)⇥2
`

3
7777775 ⇡ �2

d
dt

Z
k2dk
2⇡2 P�i (k)

h
⇥2

0 + 3⇥2
1

i
, (2.1)

where ⇥`(k) are the spherical harmonic multipole moments of temperature anisotropies of the
CMB, t is proper time and P�i (k) = 4

0.4R⌫+1.5 P⇣ ⇡ 1.45P⇣ , P⇣ = (A⇣2⇡2/k3)(k/k0)ns�1+ 1
2 dns/d ln k(ln k/k0),

the amplitude of comoving curvature perturbation A⇣ is equivalent to �2
R in Wilkinson Microwave

2See [47] for a slightly di↵erent way of calculating µ-type distortions and also [48].
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Generally requires futuristic, high levels of sensitivity. However some models  
(excited initial states, Ganc and Komatsu 2013) produce enhanced signal.  
Very interesting to look at and include in forthcoming forecasts. 
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Figure 2. Expected 1� errors on gNL (top panel) and ⌧NL (bottom panel) estimated from TTµ

(colored lines) and TTTT (black lines) in the cosmic-variance dominated case (i.e., Nµµ
` = 0). Solid

and dashed lines are the full radiation transfer case (Eqs. (3.25) and (3.31) for TTµ) and the SW case
(Eqs. (3.26) and (3.34) for TTµ), respectively. In the TTµ cases, we consider several nonzero ⌧NL’s
with fNL = 0. For ⌧NL = 0, �gNL and �⌧NL obtained from TTµ scale like 1/ ln(`

max

/2) and 1/`

max

,
respectively (see Eqs. (4.4) and (4.7)). It is apparent that, if ⌧NL  1000, for `

max

 1000, TTµ

always outperforms TTTT , because C

µµ,G
` + C

µµ,⌧NL
` ⌧ C

TT
` . At larger `

max

, TTµ remains clearly
superior to TTTT for gNL measurements. For ⌧NL estimation the comparison is instead dependent
on the fiducial value of ⌧NL; see main text for further discussion.
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For G initial conditions, dissipated power  
in small patches is isotropically  
distributed 
 
If local NG => large scale modulation of 
small scale power => Tµ correlations 
(Pajer, Zaldarriaga 2013) 
 
Enhanced bispectrum on squeezed  
configurations (e.g. excited initial states) 
produces potentially  detectable Tµ with 
PIXIE-like survey (Ganc, Komatsu 2013) 
 
Anisotropic primordial signature produce  
Characteristic off-diagonal terms in Tµ
(Shiraishi, ML, Bartolo 2015) 
 
…and more (Ty, scale depndence, PMF) 

TTµ
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Conclusions	
 
•  Primordial NG (even when not detected) is a powerful tool to constrain  
     Inflation. It provides complementary information to the power spectrum 
     CMB is the ideal observable (perturbations in linear regime) 
 
•  Current status: no primordial NG detected. Consistent with single-field  
     slow-roll. Tight constraints on other scenarios. 
 
•  Main goal for the future: achieve fNL ~ 1 sensitivity (can rule out multi-field) 
 
•  COrE+: expected error bars improvement ~2 over Planck for all shapes.  
     Close to saturating ideal limit for CMB.  
 
•  CMB spectral distortions have a strong potential (many modes!). Many orders  
    of magnitude improvement on local NG possible with an ideal experiment  
    (futuristic). Significant improvements expected in the near future already for  
    specific models (NBD) 
 
With B-mode and NG measurements in the (near?) future we could:  
 

1.  Find definitive confirmation of Inflation.  
2.  Understand inflationary Physics in detail. 


