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Flat rotational curves

Spiral galaxies present almost flat peripheral rotationales. The velocity is measured using t
emmission lines (21 cm) from atomic hydrogen and removiegatirerage redshift. The
remaining, point dependent redshift is due to the Dopplecefthat is to the relative velocity of

the particle with respect to the center of the galaxy.
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Figure taken from Casertano and Van Gorkom (1991).
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Flat rotational curves Il

The hydrogen emission line is ideally suited for measurdémefithe rotational curves,

indeed hydrogen extends well beyond the optical disk radius

With only few exceptions (NGC 2683 and NGC 3521) there is ndence of a

decreasing profile outside the optical disk.

The hydrogen mass outside the optical disk is negligibléa vaspect to the visible
baryonic mass inside the optical disk. ThU§, ;142 () — M = cnst. Thus Newton’s
law would predict for the peripheral velocity of hydrogeprats

M
mga = GmH2
"
V2 M GM
(r) :G—2 :>V(T) =
T T T

thusV (r) — 0asr — +oo
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Flat rotational curves IlI

In general it is difficult to findM () because it depends on the assumed mass-to-light ratio.
Nevertheless, if most of the mass is inside the optical satfian the assumption
M (r) — const. still holds.

The problem of the previous inconsistency is solved alormdtrategies

(a) Dark Matter. The visible mass is not the whole mass andétre functionM ()
may differ considerably from the one deduced from the vesibhtter. Still

M (r) — cnst. but this happens at a length scale which is not probed by #ilel@imass.

(b) The Newton’s force law does not hold at the galactic scale
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Dark matter

® SinceV? ~ GM(r)/r, it must beM (r) ~ r at least inside the observed region. In
particular the dark matter is predominant over the visibétter in the outer part and
negligible in the inner part of the optical disk. The modedugpported by the fact that ar
isothermal sphere has this distribution.

® Unfortunately, the numerical simulations do not gixe) o 1/r2 but rather the
Navarro, Frenk and White profilb/r3.
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Dark matter Il
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If the dynamics of the dark matter halo and the baryonic matte decupled how can
they cospire to give a nearly flat profile? The inner part ofvtblecity profile depends
only on the stellar disk while the outer part only on the dadtter halo (recall
M (r) ~ r for the DM halo). There is a problem of fine tuning (Conspidacy
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Tully-Fisher law

Spiral galaxies obey the Tully-Fisher law

L ox VP

wherep € [2.5, 5], with the smallest scatter in the near-infrared where 4. This relation has

been improved showing thdt, the luminosity, can be replaced with the baryonic massr{githe

Baryonic Tully-Fisher relation). The puzzling fact is tiaf the peripheral, maximum, or other

similar characteristic velocity, is independent of theraisition of the mass, and in particular of

the scale of the galaxy.
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Conspiracy: a closer look at a study by S. McGaugh.

Let V), be the observable peak in the velocity argl the corresponding radius. Since the
Tully-Fisher law holds it is observed thé&}, is independent of?,,. However, if the Newton force
law holds, given a set of galaxies with about the same (bacyomass

M dlnV, 1
Vp20< LN ke
Ry dln R, 2

instead of 0. One may argue that most of the mass is dark lsusthot so, defined

M M
Vb2 X —b; VIQ)M x —PM
Rp P

andV,? = V;2 4+ V3, so thatV/, is almost independent d,,. Itis found thatV}, /V}, is
correlated with the baryonic surface density. The more Hrgdns the less the dark matter
needed.
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Modify Newton'’s force law
Firstidea, to change the distance dependence

M ML o)

with f(z) ~ x forxz > 1 andf(x) ~ 0 for x < 1.
Usual argument: it does not work because for large

V2 GM
— = M x V?
T rro

wrong exponent in Tully-Fisher! But note the tacit assumpthatrg is a universal constant
independent of\/.

Moreover, large galaxy clusters show moderate mass diseogpvhile small low surface

brightness (LSB) galaxies exhibit large discrepancies.
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A figure from Sanders (2002)
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Figure 1: The global Newtonian mass-to-K'-band-luminosity ratio of Ursa Major spirals at
the last measured point of the rotation curve plotted first against the radial extent of the
rotation curve (left) and then against the centripetal acceleration at that point (right).
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MOdified Newtonian Dynamics (MOND)

There is an explanation which does not require fine tuning. MOND.

Theory developed by Milgrom in 1983. It focuses on the agedilen: if it goes below a
universal acceleratiotny then there is a departure from Newton’s law which may be
interpreted as a mass discrepancy.

It is based on an ad hoc assumption made to recover the TislheHaw

a=ay — pla/ag)a = an

whereu(z) = 1forx > 1 andu(x) = x forz < 1.
It “predicts” flat rotational curves and TF rather easily

V2,1 M
— ) — =G—= = V*=(Gao)M

r  ag r2

(

which holds whenever the peripheral acceleration goeshedbwa.

Quite remarkablyrg = 1.2 x 10~8e¢m/s? ~ Hyc/7. Is there a connection between tl
dynamics of galaxy and cosmology? This question is open adlhdet even more
intriguing when we shall consider the Pioneer anomaly.
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Should we takea, ~ Hyc seriously?

Milgrom warns us from giving too much importance to the apgprate relatiormg ~ Hgc or
ao >~ c? /Ry,

with Ry the Hubble length.
He reminds us of the relation between the acceleratiahthe earth surface, the radius of the
earthR. and the escape velocity from earth

g = c/(2Re)
It has the same shape, but it is an effective relation, noieeofjuantities involved is

fundamental. People living at the surface of the earth atlol mo knowledge of the exterior spac
would give too much importance to such a relation.
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MOND: Lagrangian formulation

There is a dual almost equivalent description of MOND. ladtef modifying the inertia
one can equivalently modify gravity = f(an /ao)an they are not equivalent if other
types of interactions are considered.

There is a nice Lagrangian formulation (Bekenstein-Mitgyo
1
S = Sy+Sp+Sin = —(87G) " 'ad F[(V¢)2/a3]d3rdt—|—§ > m; /v,?dt—/pgb d3
i

which gives instead of the Poisson equation (hefe) = dF'(y)/dyl,—,2,
F(y) = y3/2 in the MOND regime and”(y) = y in the Newtonian regime)

V- [u(IV|/ao) Vo] = 4nGp

herea = —V¢ anday = —u(|Vo|/ap) Ve, sothatu(a/ap)a = an. It has the shape
of a continuity equation for a irrotational and compressiilid (the Poisson equation is
obtained in the incompressible limit).

Being a Lagrangian formulation it admits conservation lapending on the
symmetries.

Note that at the Lagrangian level it is a modified gravity tiydaut at the Newton law
level it is a modified inertia theory. Trieste, May 23rd, 2007 - E. Minguzzi — p. 1



MOND: conformal invariance

The replacement of the space metij¢ — a(x)d;; sends

dr3 — o3/2dr3
(Vo)? — a™ (Vo)

p—a 32

thus the action
= (876) 13 FI(V6)? /aF] - po}d®rat
is conformal invariant in the deep MOND regime whétéy) = 33/2. Itis still unclear if this

conformal invariance has any fundamental meaning. It meraaisf the acceleration is very sme
the dynamics is independent of the length scale.
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Another prediction of MOND

There is critical value of the surface density
Em ~ ao/G

above this value the internal acceleration is in the Nevaiomegime (the stars are close togeth
and there are strong>(ag) accelerations between them). Thus in HSB galaxies theraldle
low mass discrepancies within the optical disk, while folBLifere must be high mass
discrepancies. This is the case, HSB galaxies have a Kaplprofile, the rotation curve decline

(Keplerian impliesu(r) ~ 1/4/r) and reaches the asymptotic limit, while LSB galaxies have
increasing profile.
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Another figure from Sanders (2002)
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Figure 3: The points show the observed 21 cm line rotation curves of a low surface brightness
galaxy, NGC 1650 (Broeils 1992} and a high surface brightness galaxy, NGC 2903 (Begeman
1987). The dotted and dashed lines are the Newtonian rotation curves of the visible and
gaseous components of the disk and the solid line is the MOND rotation curve with a, =
1.2 107® em/s®— the value derived from the rotation curves of 10 nearby galaxies (Begeman
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Fitting rotation curves with MOND

The main success of MOND is its ability to fit even the smaltkstils of galaxy rotation curves
with only the L/M ratio as free parameter.
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Figure from Sanders (1996) and Block & McGaugh (1998).
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Difficulties with MOND

It is basically a Newtonian spacetime theory, there ardivestic versions but they are
guite complicated and not entirely satisfactory. This murelly so, because a body in
free fall in the general relativistic paradigm has acceleratiorthus all the acceleration
entering in MOND are with respect to a Newtonian background.

It is uncertain as to whether a relativistic formulation eacount for gravitational
lensing without introducing dark matter.

Difficult fit of a few rotational curves e.g. NGC 2841.

MOND predicts incorrect mass discrepancies in galaxy elgstSome dark matter seen
needed.
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The Pioneer anomaly

Pioneer 10, launched in 1972 and Pioneer 11 launched in 183f@e encounter,
respectively, with Jupiter and Saturn, followed hyperbolibits near the plane of the
ecliptic to the opposite sides of the solar system.

Since they were spin stabilized no control from earth wasired (due to earth
controlled manoeuvre the Voyagers have a more complicateohéetry).

Beginning in 1980 at about 20 AU from the Sun the solar raoliafiressure decreased
below5 x 10~8cm/s? and a steady (from 20 AU to 70 AU) unexpected acceleratior
about

ap = 8.5 x 10" %¢cm/s*

towardsthe Sun began to be observed. It was considered a curiostty1§98 where a
first study in Phys. Rev. Lett. brought it to the attentiontad scientific community. A
detailed report appeared in 2002 in Phys. Rev. D.

In 1990 at about 30 AU from the Sun the Pioneer 11 radio sysédletfso since then no
further Doppler data is available. For Pioneer 10, the das eollected up to 1998 and
the last signal was received on January 2003.

Similar anomalous accelerations were detected for Ulyssd<5alileo spacecraft but th
results are not conclusive.
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The trajectories

Figure from Anderson et al. (2002)
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The data and its interpretation

A stable signal at about 2.2GHz produced by @i timing systens sent to the
spacecraft, here it is multiplied by 240/221 by a transpoaae sent back to earth. The
signal is modulated so as to give at the same time not only Bopata, but also ranging
data.

The velocity is inferred from the Doppler data. Of coursadhie redshift, and since the
redshift decreases the spacecraft is actually slowing demelocity. The problem is
that it decreases more that expected, i.e. there is an uctexiidue drift

The ranging data gives directly the distance of the spaftedifaere are less measures &
they must be compatible with the integrated Doppler data.

The data so obtained is compared with that expected fromdkeNewtonian equations
of motion.
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The anomalous acceleration

Figure from Anderson et al. (2002)
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So far no explanation for the anomaly.

Just a list of checked possibilities

Heat reflecting off the spacecratft
Kuiper’s belt gravity

Frequency stability of clocks
Solar radiation pressure and wind
Propulsive explusion of gas

Dark matter

Electromagnetic Lorentz forces

Drag caused by dust or unseen material
Main difficulty

The anomaly is too large to have gone undetected in planethits. The Viking mission
provided radio-ranging measurements to an accuracy oftdl2ou.

Thusif the anomaly is a real acceleration then the equivalenaeqyle does not hold
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The ubiquitous accelerationHyc

There is a numerical coincidence betwegn/c = (2.8 4 0.4) x 10~ 18s~1 and the Hubble
constant,

Ho = (72 4+ 8)km/(s Mpc) = (2.3 4+ 0.3) x 10~ 18571,

but several authors confirm that according to general vélathe expansion of the universe as |
affect, at least not at this order, in the dynamics insidestilar system.
Recall that the Tully-Fisher relation can be written

Vi = (Gag)M
andag ~ KZa, with K2 ~ 7.

We have no idea why{c enters the dynamics of galaxies and the solar system, how
can we at least show thaty anda p should be related?
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A study of a minimal modification of Newton’s law

Consider a minimal modification of Newton’s law

V(r) = —G—(1+ f(Br)),

whereg € [L]~! is the new dimensional parameter, afie:) a function, withz dimensionless
parameter. Add two conditions

(i) Test particles in the field of an heavy body of mas$ave at small distances an

acceleratiora = a(r)é, with a(r) = -G 5 — ap, whereap is a universal constant
that does not depend en, andr is the distance between the test particle and the mas

(i) limy— oo ra(r) = —v2, = cnst.

Condition (i) leads to the Pioneer anomaly, condition (i&bactic flat rotational curves.
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Constraints on the function f imposed by (i) and (ii)

V(r) = —G—(1+ f(Br)),

First, the Newtonian limit implieg (0) = 0. Note that sincé’ is defined only up to a constant,
the functionf(r) is defined only up to linear terms i Note also that there is a rescaling
freedom in the definition of andg3, indeed let\ € R — {0} and redefine

flx) = fQx),
B = B/

thenf(Br) = f(Br). Under the assumptioif’’ (0)| # 0, we use this freedom to fix
|/ (0)] =2andg > 0.
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Condition (1)

The acceleration field = a(r)é, = —VV is given by (the derivatives are with respectdo
m mB3
a(r) = —G—2(1 +fH+G—f".
r T

Let us consider the condition (i). Taylor expandifige) and f’ () atx = 0 we obtain the
acceleration field at small distances

Gm Gm
a(r) = =23 + B2 7(0) + GmBRO(Br). ®

/r72

The condition (i) is satisfied iff”” (0) < 0, which due to our normalization implies
f"(0) = -2, and
% =ap/Gm

wherea p is a universal constant independentof Consider the spacecraft Pioneer in the sol:
system. The last term on the right-hand side of Eg. (1), isinsmealler than the second one sin
ap/(Gmeg/d?) < 103, whered < 87AU is the Pioneer distance from the Sun ang, is the

mass of the Sun.
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Condition (ii)

Recall

a(r) = —Gﬂ(l—I—f)—I—GmTﬂf’.

/r72

The condition (ii) implies £ = 3r)

2

ra(r) 5o

lim = lim (f' — f/x)=—

r—+oo GmB  x—+oo GmpS

v

Note thatz is a dimensionless parameter, it follows that-as> oo, f(6r) — foo (0r) @
function that solves the differential equation

flo — foo/x = —K1, K €eRT,

oo

andv?, = K1 Gmg. Using the relation betweed anda p we obtain the Tully-Fisher relation

vi = (K?apG)m,

o

which expresses the proportionality between the mass (@ancehithe luminosity) of the spiral

galaxy and the fourth power of the asymptotic rotationabeiy.
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Dimensional argument

By the dimensional argumeiif; must be of the order of unity and indeed we fqu2 ~ 7.1n
conclusion

Given a minimal modification of the Newtonian potentialhd Pioneer anomaly is
assumed for test particles in the field of an heavier bodyditmm (i)) and the galactic
flat rotational curves are assumed (condition (ii)) then Thdly-Fisher relation follows
with the right order of magnitude for the coefficient of prapanality.

Thus if the Pioneer anomaly is real, the Pioneer anomalareeation and the coefficient of the

Tully-Fisher relation have to be related in the found expental way.
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The relation with MOND

The modified potential dynamics is related to the MOND thdaiyus introduce the Newtonian
acceleratioyy = Gm/r?, the MOND characteristic acceleratiap = K%ap and the function

z(y), Withy = 1/(K12)? = gn/ao)

z(y)Zy[lﬂLf(Kl\/g Klf(Kl\/g

then
mpg

Tr

a(r) = -G+ f)+ G

/r72

f/
can be rewritten
a/ap = —z(gn/ao).

If z(y) has an inversé(z) = zu(z), I(2(y)) = vy, it reduces to a MOND theory where

1
,LL(Z)Nl—K—2Z, as z — 4oo.
1

Since the differences between MOND and our derived dynaraosnly minimal these

calculations prove that a MOND theory subject to the abovestaint follows from (i) and (ii).

- Trieste, May 23rd, 2007 - E. Minguzzi — p. 3



Is there any trace of the Pioneer anomaly in galactic ro-

tational curves?

We have seen that the Pioneer anomaly leads to the right aarekeven with the right value of
the proportionality constat. Everything seems fine but laegédtational curves compatible with
the additional constraint

1
w(z) ~1— 2 as z — 4oo.
1

Recent studies of the bestgive some information.
The simple choice (Famaey and Binney)

~

fi(z) = z/(1 + z) = anomalous acceleration

is particularly successful in fitting the Milky Way and thelayay NGC3198, in particular, it
proved superior than the traditional choice

= z/\/l + 22 = no anomalous acceleration.

But the functioni gives good results only up to values< 5, while for the Pioneers we are in
the rangex ~ 103. At that range Famaey and Binney argue that a transitionldlawve already
taken place to the functiof.

Thus it seems that the Pioneer anomalous acceleration duteshow up in the dynamics of

galaxies.
- Trieste, May 23rd, 2007 - E. Minguzzi — p. 3



Conclusions

The imposition of the Pioneer anomaly and the flat rotaticnaves leads naturally to
Tully-Fisher with the right coefficient. This fact stronggdyuggests a connection betweel
the two most interesting departures from Newtonian gravity

The implied gravitational theory is MOND subject to an aashial constraint onu.
However, a more detailed analysis of the rotational curvesgs that this constraint is
not satisfied. The Pioneer anomaly seems not present intdieral curves of Galaxies

The problem of a possible connection between the Pioneenalgand the flat rotational curve:s
of galaxies is open.
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