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Standard cosmological model

Cosmological parameters
Ωm,0, Ωq,0, h0, w(a)

Density fluctuations
n ≈ 1, σ8, P(k)

Nearly Gaussian and adiabatic initial density fluctuations
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Dark energy I: generalities

Time dependent equation of state w(a) = P/(ρc2)

Affects cosmic history and geometry

Changes structure formation→ number counts and growth factor

E2(a) =
Ωr,0

a4 +
Ωm,0

a3 +
ΩK,0

a2 + Ωq,0g(a)

g(a) = exp
(
−3

∫ a
1

1+w(a′)
a′ da′

)
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Dark energy II: inhomogeneous case

wc(a) = wb(a)

ρ = ρb(1 + δ)

δP/δρ = weffc2

wc = w + (weff − w) δDE
1+δDE
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Equation of state w(a)
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Spherical collapse model: generalities

It follows the evolution of the overdense sphere

Characterised by 4 parameters: ata, ζ, δc, ∆V

Two different approaches
1 Evolution of the radius of the sphere
2 Evolution of the overdensity (hydrodynamical approach)
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Two equations, for the scale factor and for the radius

ẋ =

√
ω

x
+ λx2g(x) + (1 − ω − λ)

ÿ = −
ωζ

2y2 −
1 + 3w(x)

2
λg(x)y

ζ and ata to be determined

∆ =
ζx3

y3

δc = lim
x→0

[
D+(xc)
D+(x)

(∆(x) − 1)
]
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Basics of General Relativity

Field’s Equations

Gµν = 8πG
c4

∑
Tµν ⇐⇒ Rµν = 8πG

c4 (
∑

Tµν − 1
2 gµν

∑
T)

Energy-momentum tensor (c = 1)
Tµν = (ρ + P)ũµũν + Pgµν

4-velocity

ũ = dx
dτ with normalization condition < ũµ, ũµ >= gµνũµũν = −1

Local conservation of the energy-momentum tensor
∇νTµν = 0
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Hydrodynamics

Newtonian metric

−c2dτ2 = ds2 = −(1 + 2Φ/c2)c2dt2 + (1 − 2Φ/c2)d~x2

General Relativity Newtonian limit

Continuity equation

ũµ∇νTµν = 0 ∂ρ
∂t + ∇~r · (ρ~v) + P

c2∇~r · ~v = 0

Euler’s equation

(gαµ + ũαũµ)∇νTµν = 0 ∂~v
∂t + (~v · ∇~r)~v +∇~rΦ +

c2∇~rP+~vṖ
ρc2+P = 0

Poisson’s equation

R00 = 8πG
c4 (

∑
i T i

00 −
1
2 g00

∑
i T i) ∇2Φ = 4πG

∑
i

(
ρi +

3Pi
c2

)
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Equations for the overdensity I: assumptions

Continuity equation: ˙̄ρ + 3H
(
ρ̄ + P

c2

)
= 0

Comoving coordinates: ~x = ~r/a

Density: ρ(~x, t) = ρ̄(1 + δ(~x, t))

Equation of state: P(~x, t) = w(t)ρ(~x, t)c2 (homogeneous dark energy)

~v(~x, t) = a[H(a)~x + ~u(~x, t)]
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Equations for the overdensity II: complete system

δ′′j +

3
a

+
E′

E
−

w′j
1 + wj

 δ′j − 4 + 3wj

3(1 + wj)

δ′2j

1 + δj
−

3
2a2E2(a)

(1 + wj)(1 + δj)
∑

k

Ωk,0gk(a)(1 + 3wk)δk−

1
aE2(a)

(1 + wj)(1 + δj)(σ2 − ω2) = 0

δ′′j +

3
a

+
E′

E
−

w′j
1 + wj

 δ′j − 3
2a2E2 (1 + wj)

∑
k

Ωk,0gk(a)(1 + 3wk)δk−

1
aE2(a)

(1 + wj)(σ2 − ω2) = 0
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Equations for the overdensity III: DM only

δ′′ +

(
3
a

+
E′

E

)
δ′ −

4
3
δ′2

1 + δ
−

3
2a5E2(a)

δ(1 + δ)Ωm,0 = 0

δ′′ +

(
3
a

+
E′

E

)
δ′ −

3
2a5E2 Ωm,0δ = 0
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δc I: perturbations in DM only
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δc I: perturbations in DM only
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δc II: perturbations in DM & DE

(Abramo et. al 2007)
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δc II: perturbations in DM & DE

EdS
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Growth factor

D′′ +
(
3
a

+
E′

E

)
D′ −

3
2a5E2 Ωm,0D = 0

Din = an

n2 +

(
2 +

aE′

E

)
n −

3
2a5E2 Ωm,0 = 0
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Growth factor I: DM perturbations
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Growth factor II: perturbations in DM & DE
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Mass function I: perturbations in DM only
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Mass function II: perturbations in DM & DE

1013 < M/(M�/h) < 1014 1014 < M/(M�/h) < 1015 1015 < M/(M�/h) < 1016

(Abramo et. al 2007)

Structure Formation and Spherical Collapse Model in Dark Energy modelsFrancesco Pace



Standard cosmological model Dark energy Spherical collapse model Hydrodynamics Structure formation

Mass function II: perturbations in DM & DE
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Mass function III: perturbations in DM & DE
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Mass function III: perturbations in DM & DE
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Conclusions

Hydrodynamics equations used possibly with different types of DE
models

DE has strong effects on the geometry

Few percent effect on ∆V and δc for smooth DE

Stronger deviations for clumping DE

Speed of sound important in structure formation

DE mass component affects mass function

Easy to include ellipticity and rotation

Possibility to extend the formalism to modified gravity models
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